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The antenna considered consists of a small toroidal core of magnetic material, upon which a uni- 
formly distributed driving winding is placed. Thin layers of insulation separate the winding from the 
core and from the highly conducting medium in which the antenna is situated. The external fields for 
the driven antenna are estimated using a static field solution employing toroidal coordinates. The 
driving-point admittance is then determined from these fields. The effective electric current moment 
of the antenna is estimated by duality with the electric current loop. The driving-point admittance 
and the effective moment are then combined to estimate the effective length and the relative effective 
area of a toroid antenna oriented such that the electric moment produced is parallel to the surface of 
the conducting half space. While the effective length of a tuned toroid antenna can be made much 
greater than the effective length of an electric-dipole-in-radome antenna, the effective areas of the two 
antenna types are of the same order of magnitude if the maximum exterior dimensions are equal. 



1. Introduction 

The need to communicate between subsurface 
points of the earth or between submerged submarines 
has provided an incentive for investigating antenna 
structures imbedded in a conducting medium. The 
antenna to be considered in this paper consists of a 
toroidal core of highly permeable magnetic material, 
upon which a uniformly distributed driving winding 
is placed. The winding is assumed to be insulated 
from the core and from the surrounding medium by 
thin layers of insulation. The toroid antenna is as- 
sumed to he below the surface of a highly conducting 
half space, while the remaining half space is assumed 
to be a lossless dielectric with the same magnetic 
permeability. This configuration represents the earth 
or sea and the air adequately for some VLF or ELF 
applications. The axis of rotational symmetry of the 
toroid, which is also the direction of the electric cur- 
rent moment produced, is oriented parallel to the sur- 
face of the conducting medium, as shown in figure 1. 
Moore and Blair [1961] and Wait [1961] have shown 
that this orientation of the electric moment produces 
transmission from the conducting medium into the 
dielectric half space. It is further assumed that the 
radius of the toroid is small compared to a skin depth 
in the conducting medium. 

The driving-point admittance of the antenna will 
first be investigated using a static field solution of the 
wave equation in toroidal coordinates. Secondly, 
an estimate of the effective electric current moment 
produced by the antenna will be made. Finally, these 
results will be combined to estimate the effective 
length and the effective area of the antenna, enabhng 
one to compare the performance of this antenna with 
other subsurface or surface antennas. 



2. Impedance Properties of the Toroid 
Antenna 

The driving-point admittance of the magnetic toroid 
antenna depends upon the fields created in its vicinity. 
Since the toroid considered is small compared to the 
skin depth in the conducting medium, a static solution 
for the fields will suffice. Also the nearness of the 
toroid to the surface of the conducting medium is 
ignored. This is permissible, since the conducting 
medium shields the antenna from distant points. The 
electric and magnetic fields with|n the toroidal core 
will be designated by Ec and Hc\ those external to 
the toroid by E and H. 

Before determining the admittance, one may outline 
the procedure to be used. The magnetic field He 
inside the toroid hnks both the current Nl in the A^ 
turns of the driving winding and the current Im induced 
in the medium and flowing through the toroid opening; 
the field is thus related to both currents. One ob- 
serves that the voltage per turn VjN may be determined 
in terms of the sum of the winding currents and the 
induced current, NI-\-Im, by integrating the internal 
magnetic field /jlcHc over the cross-sectional area of 
the core, and taking the time derivative of this flux. 
The induced current Im is not initially known, and it 
is desired to relate this quantity to a known one. 
One notes that the magnetic field H on the exterior 
surface of the toroid may be determined in terms of 
the induced current Im- Using the static^ wave equa- 
tion, one may then determine the field H everywhere 
outside the toroid, subject to this boundary condition. 
Then the electric field E^ may be determined in terms 
of the magnetic field //, and finally, the voltage per 
turn V/N may be obtained by integrating the electric 
field around a path linking the toroid. The result 
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of these operations is to relate Im to V/N. Having a 
relation of Nl-i-Im to V/N and another relation of 
Im to V/N, one may combine the two to eliminate Im- 
The result relates / to F, and hence gives the driving- 
point admittance. 

The procedure begins with the determination of the 

internal magnetic field He in terms of the driving cur- 
rent NI and the induced current Im- One first notes 
that the problem is symmetric in the azimuthal co- 
ordinate (f. The only significant component of the 

magnetic intensity He present is //cv, as all driving 
currents lie in planes nearly perpendicular to the (p 
direction. Let p be the distance from the axis of 
rotational symmetry of the toroid to a point inside the 
core. Then if one integrates He<p along a flux line, 
only the currents NI and Im are enclosed (neglecting 
displacement currents in the core, which is valid for 
the small toroid), one deduces that 



He 



Nl + h 
2ttp 



(1) 



The voltage per turn VjN may then be expressed (for 
e^^^ time variations) as 



VIN = ^jco 



SI 



fJLe 



Nl + h 

277P 



t/a, 



^2) 



in which /^c is the permeability of the core and Ae is 
the area of the core cross section. Alternatively, one 
may write 



ZTTp 



(3) 



where p is the effective magnetic radius of the toroid. 
For a toroid of circular cross section with radius ro 
whose center is at a radius po from the axis of rotational 
symmetry, as shown in figure 1, one finds 



P^2(^'~^ ^^^"""7' 



-7Tn 



(4) 
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Figure 2. Toroidal coordinate system. 



Equation (3) relates VIN to the currents NI and Im- 
To find a relation between V/N and Im alone, one be- 
gins by determining the magnetic field H outside the 
toroid. For the static case, this field must satisfy 



H=H^a<p, VxVxi/ = 0, 
subject to the boundary condition 

Im 



Hif — 



277P 



(5) 



(6) 



for points on the outside surface of the toroid. 

Toroidal coordinates (^, 0, (f) (see fig. 2) provide a 
convenient coordinate space, since the boundary sur- 
face may be specified as f = ^o, a surface of constant^. 
Toroidal coordinates are related to cylindrical coordi- 
nates according to 

_ a sinh ^ 
cosh ^ — cos 6 



a sin 6 



cosh f — cos 6 
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y / / / / / 
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in which a is a constant having the dimensions of 
length. The constants ^o and a are related to the 
dimensions po and ro by: 



cosh fo = — ' 

^0 



a csch ^o = ro. 



(7) 



Letting 



Fl(;i'RE 1. Orientation and dimensions of the toroid antenna. 



i/^=(cosh ^-cos eyi^Uxi^um 
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in (5), one finds that 

f/'; + coth i U\ + (i- rt^-csch^ ^ f/i =0; 



{/;;+n2f/^=o. 



(8) 
(9) 



Legendre functions. The result is 
^ V2 (5^-1)'/^ 



An- 



7r(l + 8S) 



(-4) 



(?i-l/2('5o). 



(12) 



^, , , 1. • /^x 1 J • . J 1 Equations (11) and (12) thus specify the magnetic 

The boundary condition (6), when expressed in toroidal ^^jj j^ ^^^^^ ^^ ^^^ .^^^^^^ ^^^^^^^ ^^^_ 



coordinates, is 



tt^U,B) = 



Im cosh gp — cos ^ 

27ra sinh ^o 



(10) 



The electric field may be determined from the mag- 
netic field using the relation 

— > — > 



in which a is the conductivity of the highly conducting 
medium. Using the Legendre function recurrence 



Equation (9) leads to sinusoidal functions. If these 
are to be continuous through the toroid opening at 

e = ±7T,n must be an integer; further, if the functions formulas, one may express the 6 component as 
are to be even in as the boundary condition (10) is. 



the functions are cosines. Equation (8) leads to asso- 

ciated Legendre functions of the first and second kind, ^(^^~ Zj 

of first order, and of half integer degree: ""^ 

(cosh ^), Qi_j/2 (cosh ^). 






(The definitions of the Legendre functions used in 
this paper are those of Erdelyi et al., [1953].) Only 
the functions of the first kind are suitable for repre- 
senting a field outside a toroid, since the functions 
of the second kind increase without limit as ^ goes 
to zero. 

One may then express the external magnetic field 
in the form 



/,. (5-cos eyi^ ^ Pl-M2is) . ,,,, 



27ra (5^-1) 



^i-l/2('5o) 



where 



5 =cosh ^, 

5o = cosh ^0, 

and the An are coefficients to be determined from the 
boundary condition. The constants in 5o are included 
to simplify the statement of the boundary condition, 
which by (10) and (11) is 

(50-COS Oy'^=^ An COS uO . 

The evaluation of the constants An is thus a Fourier 
expansion problem. The integral form for the co- 
efficients 



An = 
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Performing this integration and using the properties 
of the Legendre functions, one finds that 



(14) 
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(15) 



Note that as 



5o = 



£0 

ro' 



(where 8g= 1 for n = 0, and is zero otherwise) may be the factor S^ depends only upon the toroid dimensions, 
evaluated using an integral representation for the The variation of Sa with rglpo is illustrated in figure 3. 
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Figure 3. Variation of S^ with toroid dimension ratio. 
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Figure 4. Equivalent 



circuit for the admittance of the toroid 
antenna. 
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Figure 5. Comparison of the measured and theoretical conductance 
and susceptance of a toroid antenna model. 



Using (14), one may eliminate Im from (3) and solve 
for the ratio of / to V to obtain the driving-point ad- 
mittance 



Y= 



1 



N^n 



1 
ja)L 



where 



L = 



27TP 



(16) 



(17) 



The value of L is seen to be the inductance one would 
expect a toroid of A'^ turns in a lossless medium to 
have. Besides the resistive and inductive terms in 
(16), the driving-point admittance may include a 
capacitive term, jcoC, arising from the turn-to-turn and 
turn-to-medium stray capacity inherent in the driving 
winding, or from a capacitance deliberately added at 
the driving point for the purpose of tuning the antenna. 
An equivalent circuit for the toroid antenna is thus as 
shown in figure 4. 

The circuit of figure 4 may be regarded as a simpli- 
fied equivalent circuit for a transformer. Indeed, one 
may think of the toroid as a transformer with the A^ 
driving winding turns forming a primary, and the con- 
ducting medium linking the toroid forming a combined 
one-turn secondary and resistive load. The process 
of relating /,„ to V/N may thus be considered as a 
method for determining the resistive load Rm in the 
transformer secondary circuit. 

The admittances of several model toroid antennas in 
a conducting medium were measured as a check on 
the theoretical admittance as given by (16). Conduct- 
ing media were modeled by aqueous solutions of 
sodium chloride with conductivities in the range 2.8 
to 12.3 mhos per meter. Frequencies in the range 
0.5 to 7.0 Mc/s were used. This range was low enough 
that the antenna models were electrically small in 
the conducting medium, but high enough that any 
signals reflected from the sides or bottom of the solu- 
tion tank were greatly attenuated. In regard to the 
assumption that as far as the admittance was con- 
cerned, one could ignore the proximity of the surface, 
it was found that as long as the model was completely 
submerged, the observed change in admittance with 
depth was less than one percent. Figure 5 shows a 
sample of the measured and theoretical conductances 
and susceptances for one of the toroids. It can be 
seen that the experimental values can be fitted well 
by the admittance of a parallel R-L—C circuit. The 
values of R and L, so obtained, agree closely with the 
values obtained from (16); the presence of C indicates 
that the effects of stray capacity were beginning to 
be important at the frequencies used. 



3. Radiating Properties of the Toroid 
Antenna 

Given the current moment of a small antenna, one 
can determine its effective length; once the effective 
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length is known, it is a straightforward matter to 
compute other antenna merit factors, such as effective 
area and gain. The first objective of this section is 
then to determine the current moment produced by the 
toroid antenna. 

As far as the fields outside the toroid antenna are 
concerned, the source may be replaced by a set of 
equivalent source currents flowing in a surface lying 
immediately outside of the volume formerly occupied 
by the toroid. In order that the external fields remain 
unchanged, one selects electric^ surface currents Js 
and magnetic surface currents Kg such that 






(18) 



where n is the unit outward normal to the surface. 
As the effective electric surface currents circulate 
around only the toroid cross section, whereas the effec- 
tive magnetic surface currents circulate along the 
toroid, one suspects that the contribution to the distant 
fields from the electric currents is small compared with 
that from the magnetic currents. It can be shown that 
the ratio of contributions of electric to magnetic equiva- 
lent sources is of the order of 7rr^/8^ for the range of 
dimensions 0.04 < ro/po < 0.8, where 8 is the skin 
depth in the conducting medium and the dimensions 
po and To are illustrated in figure 1. Thus for the small 
toroid antenna, the contributions from the electric 
equivalent source currents may be neglected. The 
total magnetic effective source current circulating 
around the toroid, one observes from (18) is, 



Ksds = 



N 



(19) 



where C is a contour on the surface lying perpendicu- 
lar to the direction of magnetic surface current flow. 
Whereas the magnetic current moment {VI) pro- 
duced by a small loop of radius p carrying an electric 
current le is given by 

(r/)-7C0M(7rp2)/e, 

and it follows by duality that the electric current mo- 
ment of a small loop of radius p carrying a magnetic 
current Vm is given by 



{Il)=-jOJ€{77pWm. 



(20) 



where e = €-l-o"/(/a)). 

For the magnetic toroid antenna, one may estimate 
the current moment as 



(//) — o-(7rp2)^, 



(21) 



since for a highly conducting medium, joje ~ cr, and 
one may consider the distributed magnetic current 
Ks as being replaced by the total magnetic current 
from (19), concentrated at an effective radius p^. 




r /p 



Figure 6. Variation of the effective radius (p^) and the effective 
magnetic radius (p) with toroid dimension ratio. 



Using the tangential electric field found previously 
in (13), one can determine the effective radius from 
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where 



n=0 y^^Oo) 
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ASo) 
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(23) 



and S^(so) is g^ven by (15). The variation of Pf>/po 
with the dimension ratio ro/po = l/so is shown in figure 6. 
One may put the antenna moment of (21) in terms of 
its input current by using the admittance given by 
(16). Then since the effective length is the ratio of 
the current moment to the input current, one finds 
that the effective length for the toroid antenna is 



/. 



NY ' 



(24) 



An interesting special case occurs when the shunt 
capacity (stray capacity plus external capacitance at 
the antenna terminals) is such as to resonate the 
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antenna. Then 



For the toriod antenna, it follows from (24) and (22) that 



Y= 



Nm„ 



Isc=^^ E,=^^ iSs/S,) Eu (26) 



and 



le= — 7rNpoSB{So) 



(25) 



The magnitude of the effective length in (25) is the 
maximum magnitude that can be obtained by varying 
the external capacity. The minus sign in (25) (or the 
angle associated with the complex quantity in (24)) 
merely indicates that there is a difference in phase 
between the incident wave and the open-circuit volt- 
age appearing on the antenna terminals. As Sb 
depends only upon the ratio 5o = po/^o, one sees that 
the effective length for this special case is independent 
of the conductivity or other characteristics of the 
medium. The variation of the magnitude of the 
effective length for the resonant antenna with change 
in the dimension ratio ro/po is shown in figure 7. 

The resonant toroid antenna appears suitable for 
use as a probe for measuring electric fields in a highly 
conducting medium. Its dual, the insulated loop 
antenna, may be used to measure magnetic fields in 
such a medium. These antennas share the property 
that the open circuit voltage available for a given 
signal may be increased without increasing the size 
of the antenna by increasing the number of turns. 

When the antenna is used as a transmitter, the 
equivalent admittance presented to the source is 
essentially Y, the driving-point admittance of the 
antenna. On the other hand, when the antenna is 
used as a receiver, the equivalent source (of the Norton 
type) presented to the load consists of the admittance 
Y in parallel with a current generator of current Isc 
In terms of the open circuit voltage Fqc, or the effective 
length le and the incident field strength Ei, 

Isc = YVqc = YleEi. 




Figure 7. 



^o/Po 

Normalized magnitude of the effective length for the 
resonant toroid antenna. 



One may then determine from (26), (16), and (14) that 
the available power at the antenna terminals is 

where G is the real part of the antenna admittance, Y. 
The power density of the incident wave in a highly 
conducting medium is approximately given by 

It foUows that the effective area of the toroid antenna is 






(27) 



If the antenna is just beneath the surface of the 
highly conducting medium, it may be advantageous to 
compare the power available at the antenna to the 
power density IFs of the incident wave above the sur- 
face. It can be seen that the relative effective area 



^'- Ws 

(designated just "effective area" by Hansen [1963]) is 
related to the effective area Ae by the ratio of power 
densities WijWs. For a plane surface wave (such as 
the one discussed by Jordan [1950]) refracting into a 
highly conducting medium, 

WiJWs = 7rblK 

where X is the wavelength in the dielectric half space. 
Consequently, the relative effective area of the toriod 
antenna is 

^r = |77-VX-'p|«m = | (77po)3\-'(S|/S^). (28) 

This quantity may be compared directly with the 
effective area for an antenna above the surface. 

The frequency dependence of the relative effective 
area of the toroid antenna is the same as that of the 
relative effective area of an electric-dipole-in-radome 
antenna discussed by Hansen [1963]. Further com- 
parison indicates that the relative effective areas of 
the two antenna types are of the same order of magni- 
tude for antennas with the same maximum exterior 
dimension. It follows that the relative effective area 
of a thin toroid antenna, ro < po, may be much greater 
than the relative effective area of an electric-dipole- 
in-radome antenna whose radome occupies the same 
volume. 
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4. Conclusions 

The driving-point admittance ol the small toroid 
antenna is found to vary with frequency hke a parallel 
R—L-C circuit. If the toroid is conceived as a trans- 
former with the conducting medium forming a combined 
one-turn secondary winding and resistive load, R is 
the load impedance as reflected into the primary cir- 
cuit, L is the inductance of the primary winding, and 
C represents the low-frequency effects of the turn-to- 
turn and turn-to-medium stray capacity. In the same 
manner that a small loop of electric current may be 
considered as a magnetic current dipole for deter- 
mining distant fields, the small toroid antenna may be 
considered as an electric current dipole. The mo- 
ment is directed along the axis of rotational symmetry 
of the toroid. The effective length of the tuned toroid 
antenna is found to be independent of the characteris- 
tics of the conducting medium, and hence the toroid 
may be used as a probe for measuring the electric 
field in such a medium. The relative effective area 
of an antenna just below the surface in a highly con- 
ducting medium is the ratio of the available power at 
the antenna terminals to the power density in an in- 
cident wave above the surface. The relative effective 
area of the toroid antenna is found to be similar in 
frequency dependence and of the same order of mag- 
nitude as the relative effective area of a small electric 
dipole in a radome, if the outside dimensions of the 
antennas are equal. 
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